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Abstract. In this paper, using functions whose derivatives absolute values 
are strongly (p h -convex with modulus c > 0, we obtained new inequalities 
releted to the right and left side of Hermite-Hadamard inequality by using 
new integral identities 



1. Introduction 

The inequalities discovered by C. Hermite and J. Hadamard for convex functions 
are very important in the literature (see, e.g.,[4],[8j p. 137]). These inequalities state 
that if / : I — > R is a convex function on the interval I of real numbers and a,b E I 
with a < b, then 



2 J ~ b-aj a J v ' ~ 2 

The inequality (|1.1[) has evoked the interest of many mathematicians. Especially 
in the last three decades numerous generalizations, variants and extensions of this 
inequality have been obtained, to mention a few, see ([3]-[T2]) and the references 
cited therein. 

Let / be an interval in R and h : (0, 1) — > (0, oo) be a given function. A function 
f : I [0, oo) is said to be /i-convex if 

(1.2) f(tx + (1 - t)y) < h(t)f(x) + h(l - t)f(y) 

for all x,y £ I and t e (0, 1) |23j . This notion unifies and generalizes the known 
classes of functions, s-convex functions, Gudunova-Levin functions and P-functions, 
which are obtained by putting in (jl.2j) . hit) = t, h{t) = t s , hit) — 4, and 
h{t) = 1, respectively. Many properties of them can be found, for instance, in 

Let us consider a function (p : [a,b] — > [a, b] where [a, b) C R. Youness have 
defined the (/3-convex functions in |17) : 

Definition 1. A function f : [a, b] — > R is said to be if - convex on [a, b] if for every 
two points x £ [a, b],y £ [a, b] and t £ [0, 1] the following inequality holds: 

f(Mx) + (1 - tMy)) < tf(cp(x)) + (1 - t)f(<p(y)). 

Obviously, if function ip is the identity, then the classical convexity is obtained 
from the previous definition. Many properties of the (^-convex functions can be 
found, for instance, in p], [2], [17], [2D], [21]. 
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Moreover in [2], Cristescu have presented a version Hermite-Hadamard type 
inequality for the y>-convex functions as follows: 

Theorem 1. If a function f : [a, b] — > M. is if- convex for the continuous function 
if : [a,b] — > [a,b], then 

<p(a) + <p(b)\ ^ 1 / « u + 



(o) h^v^j-^f^)/ mdx - 

Recall also that a function / : / — > M is called strongly convex with modulus 
c> 0, if 

/ (to + (1 - t) y) < tf (x) + (1 - 1) f (y) - ct(l - t)(x - y) 2 

for all x,y £ I and t G (0,1). Strongly convex functions have been introduced 
by Polyak in [13] and they play an important role in optimization theory and 
mathematical economics. Various properties and applicatins of them can be found 
in the literature see (P3]-[IB]) an d t ne references cited therein. 

In [35] , Sarikaya have introduced the following notion of the strongly (^-convex 
functions with modulus c > 0, and give some properties of them: 

A function / : D —> [0, oo) is said to be strongly (^-convex with modulus c > 0, 

if 



(1.4) 



f(t<p(x) + (1 - t)<p(y)) 



< h(t)f( V (x)) + h(l - t)f(ip(y)) - ct(l - t) (<p(x) - tp(y)Y 



for all x,y € D and t € (0,1). In particular, if / satisfies (II. 4| with h(t) = t, 
h(t) = t s (s G (0,1)), h(t) = j, and h(t) = 1, then / is said to be strongly 
t/5-convex, strongly (^-convex, strongly c/?-Gudunova-Levin function and strongly 
(/3-P-function, respectively. The notion of (^-convex function corresponds to the 
case c — ¥ 0. 

In this article, using functions whose derivatives absolute values are strongly 
(^-convex with modulus c > 0, we obtained new inequalities releted to the right 
and left side of Hermite-Hadamard inequality by using new integral identities. In 
particular if (p = is taken as, our results obtained reduce to the Hermite-Hadamard 
type inequality for classical convex functions. 



2. Main Results 

In order to prove our main results, we establish a important integral identity as 
follows: 

Lemma 1. Let / :/ Cl- > M. be a differ entiable mapping on 1° where a,b £ I 
with a < b and if : [a, b] —¥ [a, b] . If f is a Lebesgue integrable function, then the 



ON HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES 



3 



following equality holds; 

■ (9(a)) + f (9(b)) 



(2.1 



1 



(9(b)- <p(a)) 



f (x) dx 



<p(a) 



Mb) - 9(a)) 



(2t - 1) [/' (Mb) + (1 - t) 9(a)) + ct(l - t)(<p(b) - ^(a)) 2 ] dt. 



Proof. By integration by parts, we can state: 
l 

I = 



(i 



(2t - 1) [/' (Mb) + (1 - t) 9(a)) + ct(l - t)(<p(b) - 9(o)f] dt 
f(t<p(b) + (l-t)<p(a))\ 2 



^ 1 (9(b) -9(a)) (9(b) -9(a)) 

f (9(b)) + f (9(a)) 2 



f(Mb) + (l-t)ip(a))dt 



(9(b) - 9(a)) (9(b) - 9(a)) 



f(Mb) + (l-t)<p(a))dt. 



Using the change of the variable x — t(p(b) + (1 — t) 9(a) for t € [0, 1] , which gives 

V (b) 



(2.2) 



f Mb)) + f (9(a)) 



Mb) <p(a)) Mb) - 9(a)f 



f (x) dx. 



<p(a) 



, , (v>(b) — v>(a)) 

Multiplying the both sides of (TT2l) by ^-—^ Z\JL^ we obtain 



Mb) -9(a)) j = f(9(b))+f(9(a)) \_ 

2 2 Mb) - 9(a)) 



f (x) dx 



which is required. 



□ 



Theorem 2. Let h : (0, 1) — » (0, 00) be a given function. Let f : L C M — > M be 

a differentiate mapping on 1° where a,b € I with a < b and Lebesgue integrable 
function. If |/'| is strongly ip h ~ convex with respect to c > for the continuous 
function 9 : [a,b] [a,b] and 9(a) < 9(b), then the following inequality holds; 



(2.3) 



f(9(a))+fMb)) 



<p(b) 



Mb) ~ 9(a)) 



f (x) dx 



tp(a) 
1 

< ( ^ ) :^ (a)) [\f'(9(b))\ + \f'(9(a))\] I |2f - 1| h(t)dt 



for all t G (0, 1) . 
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Proof. From Lcmma[T]and by using strongly (p h — convexity functions with modulus 
c > of |/'| , we have 



/(p(a)) + /(*>(&)) 



V(6) 



- p(a)) 



/ (x) dx 



tp(a) 



< 



< 



(<P(J>) - ¥>(»)) 





2 


Mb) 


- ¥>(<*)) 




2 


Mb) 


- <p(a)) 


2 



|2t - 1| [I/' (t<p(b) + (l-t) p(a))| + ct(l - t)Mb) - V(a)) 2 ] dt 



\2t - 1| [h(t] \f'Mb))\ + HI - t) \f>Ma))\] dt 



[\f'Mb))\ + \fMa))\] / \2t-l\h(t)dt 



where using the fact that 



J h(t)dt = J h(l- t)dt 



which completes the proof. 



□ 



The following inequalities are associated the right side of Hermite-Hadamard 
type inequalities for strongly (^-convex, strongly <y9 s -convex strongly (p — P-convex 
with respect to c > 0, respectively. 

Corollary 1. Under the assumptions of Theorem^ with h(t) = t, t € (0,1), we 

have 

(2.4) 

V (b) 

f{v(a)) + fMb)) 1 



Mb)-V(a)) 



f (%) dx 



<p(a) 



< (tp(b)-(p(a)) 



\f'Mb))\ + \f'Ma))\ 



Corollary 2. Under the assumptions of Theorem^ with h(t) = t s (s € (0, 1)), t 6 
(0, 1) , we have 



(2.5) 



fMo)) + fMb)) 



¥>(*>) 



Mb) - <p{a)) 



f (x) dx 



<p(a) 



Mb)-^p(a)) ( s 1 UI/'(#)I + I/'W«))I 



2 S +VV (* + !)(» + 2) 
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Corollary 3. Under the assumptions of Theorem® with h(t) = 1, t € (0, 1) , we 

have 

(2.6) 

f (<p(a)) + f &(b)) 1 



(<p(b)-<p(a)) 



f (x) dx 



<p(a) 



< 



Mb)-^) r\n<p(b))\ + \n<p(«))\ 



Remark 1. (a) In the case c — > and ip(x) — x for all x € [a, b] , then inequal- 
ity \2.J$ coincide with he right sides of Hermite-Hadamard inequality proved by 
Dragomir and Agarwal in 

(b) In the case c — ¥ and (p(x) — x for all x 6 [a, b] , then inequality \2. 5)) gives 
the right sides of Hermite-Hadamard inequality proved by Dragomir and Agarwal 

in(®)- 

Theorem 3. Let h : (0, 1) — > (0, oo) be a given function. Let / : J C K -> R 6e 

a differentiate mapping on 1° where a,b £ I with a < b and Lebesgue integrable 
function. If is strongly tp h — convex with respect to c > for the continuous 
function (p : [a, 6] — > [a, fc] , <y9(a) < Lp(b), and 

A = c%(6) - ^(a)) 2 «B(<z + 1,9+1)- ^(&) - ^(a)) 2 > 0, 



f/ien t/ie following inequality holds; 

f (ip(a)) + f (<p(b)) 1 



<p(b) 



{y{b) - <p(a)) 



f [x] dx 



ip(a) 



< 



Mb) - Via)) 

1 

2" 



p+1 



(|/ , (¥>(&))|" + |/ , (¥>(a))H / ft(t)di + A 



/or aZZ £ 6 (0, 1) , q > 1 where B is a beta function. 

Proof. From Lemma [T] and by using Holder's integral inequality, we have 

f (x) dx 



/fo(a)) + /(*>(&)) 



1 



(V>(6) - <p(a)) 



ip(a) 



< 



Mb) ~ <p(a)) 



\2t-l\ p dt 



x / [\f'(Mb) + (l-t)<p(a))\+ct(l-t)(<p(b)-<p(a)) 2 ] q dt 



Since \ f'\ q is strongly tp h — convex on [a, b] and using the following inequality 



(u + v) q < 2 q - 1 (u q +v q ), u,v > 0, q> 1, 
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we get 



/(¥>(<»))+/(¥>(&)) 



wrm I f[x)dx 



< 



(y W - jg(g)) 

1 

2* 



y i2t-ii p * 



I [|/ (Mb) + (l-t) V (a))\ q + (ct(l - t)(<p(b) v(a)) 2 Y 



dt 



< 



1 

2* 



\2t-l\ p dt 



J (h(t)\f&(b))\ q + h(l-t)\f(<p(a))\ q 
VO 

- ct(l - t)( V (6) - ^(a)) 2 + [ct(l - i)fo,(&) - ^(a)) 2 ] 9 ) dt) ' . 

Thus, with simple calculations we obtain 

l 

/|2*-1|^=^, 
o 

i i 
J t(l - t)dt = i, J t q (l - t) q dt = B(q + l,q+ 1) 
o o 

and 

i i 
J h{t)dt = j h(l - t)dt. 
o o 

Therefore, we obtain 

/(^))+/(#)) 



1 

(<P(b) - <p(a)) 



v {b) 



f (x) dx 



<p(a) 



< 



+ c%(6) - <p(a))*>B(q + 1, g + 1) - - ^(a)) 2 ) 5 

which completes the proof. 



□ 
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The following inequalities are associated the right side of Hcrmite-Hadamard 
type inequalities for strongly (p-convex, strongly ^..-convex strongly tp — P-convex 
with respect to c > 0, respectively. 

Corollary 4. Under the assumptions of Theorem^ with h(t) = t, t G (0, 1) , we 

have 



(2.7) 



1 



/ (x) dx 



tp(a) 



< 



(<p(b)-<p(a)) / 1 V f\n<p(b))\ q + \f'Ma,))\ q 



2~ 



p + 1 



A 



Corollary 5. Under the assumptions of Theorem^ with h(t) = t s (s £ (0, 1)), t G 
(0, 1) , we have 

f{y{a)) + f{y{b)) 



(2.8) 



1 

(<p(b)-<p(a)) 



f (x) dx 



tp(a) 



< 



( P (6)-p(o)) / i y /i/'M & ))i 9 +i/'M«))r 



2" 



p + 1 



s+1 



.4 



Corollary 6. Under the assumptions of Theorem^ with h(t) = 1, t 6 (0, 1) , we 
/lave 



(2.9) 



1 



f (x) dx 



ip(a) 



< 



(<p(b) - <p(a)) f I \ p 



2~i 



j j (i/'(#)r+irw«))i'+4) i 



Remark 2. 7n i/ie case c —> 0, inequalities \2.7\ ) \2. 8\) and \2. 9\) reduce the right 
sides of Hermite-Hadamard type inequality for ip-convex, ip s -convex and ip — P- 
convex functions, respectively. 

Lemma 2. Let / :JcM->ltea differ entiable mapping on 1° where a, b G I 
with a < b and tp : [a,b] — > [a, b] . If f is Lebesgue integrable function, then the 
following equality holds; 



<p(b) 



(<p(b) - <p(a)) 



f (x) dx- f 



tp(a) + ip(b) 



ip(a) 



= {<p{b) - p(a)) { / t [f (Ma) + (1 - t) <p{b)) + ct(l - t)(<p(b) - V (a)) 2 ] dt 



(t - 1) [/' (t<p{a) + {l-t) tp(b)) + ct(l - t)(<p(b) - <p{a)) 2 } dt 



> . 
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Proof. By integration by parts, we can state: 



Ji = J t [f (t<p(a) + (I - t) ^(b)) + ct(l - t)(v(b) - ^(a)) 2 ] dt 
o 

f(Ma) + (l-t)#)) f 



t- 



(cp(a) - tp(b)) o 



(2-10) ~ ( (g) l / /(/,'("> + CI -/-) T :(/.MW// r( r ;(7,)- T ;(V)) 2 / / 2 (J lull 







2{<p{a) - <p{b))' 

2 

' f f (Ma) + (1 - t) p(&)) A + 7^(^(6) - ¥>(a)) 



2 



(<p(6) - y(a)) 7 J v ^ w v y ^ w/ 3x2 6 


and similarly 

1 

J 2 = j (t - 1) [/' (M<*) + (1 - *) ¥>(&)) + ci(l - - ^(«)) 2 ] * 

1 

2 

u 1} f(Ma) + (l-t)<p(b)) j 

1 1 

;«>)) ' 



(2.11) - — — / / (t<p(a) + (l-t) tp(b)) dt ~ c(<p(b) - tp(a)) 2 I t(l - tfdt 



2{<p{a) - tp{b)) 



1 

1 f ..... ,. 5c 2 



/ (Ma) + (1 - t) dt - — Mb) - ¥>(a))' 



(<p(6) - if(a)) J J v ^ w v ; ^ w; 3 x 2 6 



Adding (|2.10p and ()2.11|) and rewritting, we easily deduce 
(2.12) 
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Using the change of the variable x — tip(a) + (1 — t) <p(b) for t £ [0, 1] , and multi- 
plying the both sides of (|2.12|) by (<p(b) — <p(a)), we obtain 



(<p(b) - <p(a))J 



1 



V {b) 



(<p(b) - <p(a)) 



f (x) dx- f 



</3(a) + <p(b) 



ip(a) 



which is required. 



□ 



Theorem 4. Let h : (0, 1) — > (0, oo) be a given function. Let f : L C ffi — >• R &e 
a differentiable mapping on 1° where a,b £ I with a < b and Lebesgue integrable 
function. If \f'\ is strongly (p h — convex with respect to c > for the continuous 
function tp : [a,b] — > [a,b] and tp{a) < ip(b), then the following inequality holds; 



(tp(b) - <p(a)) 



f (x) dx - f 



ip(a) 



(f(a) + ip(b) 
2 

/ 5 



< M6)- ¥J (a))(|/'Mo))| + |/'(v(6))l) 



\ 



t [/i(t) + /i(l -i)]cft 



for all t G (0, 1) . 



Proof. From Lcmma[2]and by using strongly ip h ~ convexity functions with modulus 
c > of |/'| , we have 



/ (a;) dx - f 



ip(a)+(p(b) 



tp(a) 



< (fp{b) ~ tp(a)) { / t [h(t) \f'(<p(a))\ + h(l - t) \f'(<p(b))\] dt 



(1 - t) [h(t) \f(ip(a))\ + h(l - t) \f'(<p(b))\) dt 

( i 



= (<p(b)-<p(a))(\f'(<P(a))\ + \f'(<P(b))\) 
where using the fact that 



t[h(t) +h(l -t)]dt 



J 



th(t)dt = (1-t) h(l - t)dt 
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and 



th(l - t)dt = (l-t) h(t)dt 



which completes the proof. 



□ 



The following inequalities are associated the left side of Hermite-Hadamard type 
inequalities for strongly (^-convex, strongly y? s -convex strongly (p — P-convex with 
respect to c > 0, respectively. 

Corollary 7. Under the assumptions of Theorem^ with h(t) = t, t G (0,1), we 
have 



1 



<p(b) 



Mb) - <p(a)) 



f (x) dx- f 



ip(a) + ip(b) 



ip(a) 



(2.13) 



< (<p(b) - <p(a)) 



\n<p(a))\ + \f'(<p(b))\ 



Corollary 8. Under the assumptions of Theorem^ with h(t) — t s (s G (0, 1)), t G 
(0, 1) , we have 



{<p{b) - <p{a)) 



f (x) dx- f 



(p(a) + (p(b) 



(2.14) 



< (<p(b)-(p(a))[l + 





s4 








* ( 


2 s - 





\fMa))\ + \fMb))\ \ 
(« + !)(« + 2) J 



Corollary 9. Under the assumptions of Theorem^ with h(t) = 1, t G (0,1). 
have 



(2.15) 



1 



<p(b) 



Mb) - V {a)) 



f (x) dx- f 



ip(a) + <p(b) 



< 



Remark 3. (a) In the case c — ► and ip(x) — x for all x G [a, b] , then inequality 
(2.13\) gives the right sides of Hermite-Hadamard inequality proved by Kirmaci in 

(b) In the case c —> and <p(x) — x for all x G [a, b] , then inequality pOjp 
coincide with he right sides of Hermite-Hadamard inequality proved by Dragomir 
and Agarwal in 

Theorem 5. Let h : (0, 1) — > (0, oo) be a given function. Let f : I C ffi — >• R &e 
a differentiate mapping on 1° where a, b G / urat/i a < 6 and Lebesgue integrable 
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function. If \f'\ q is strongly ip h — convex with respect to c > for the continuous 
function tp : [a, 6] — > [a,b], <p(a) < <fi(b), and 



G = c(<p(b) - v(a)) 2q Bi(q + 1, g + 1) - -(?(&) - V (a)f > 0, 



then the following inequality holds; 



<p(b) 



- <p(a)) 



f (x) dx- f 



cp(a) +y(b) 



<p{a) 



< [ j (h(t)\f'Ma))\ q + h(l-t)\f'(ip(b))\ q )dt + G 



(h(t) \f(<p(a))\ q + h(l t) \f(<p(b))\ q ) dt + G 



for ail t S (0, 1) , q > 1, - + ^ = 1 where B r (., .) is incomplete beta function. 
Proof. From Lemma [2] and by using the Holder's inequality, we have 



1 



<p(b) 



(cp(b) - <p{a)) 



f (x) dx- f 



cp(a)+ip(b) 



ip(a) 

< (<p(b)-<p(a)) 

( I \ ' I I 



x < 



t p dt 



[f (tip(a) + (1 - t) <p(b)) + ct(l - t)(<p(b) - p(a)) 2 ] 9 dt 



( i 



+ II (t - If dt j J [f (Ma) + (1 - t) <p(fi)) + ct(l t)Mb) - cp(a)) 2 ] a 



Since \ f'\ q is strongly tp^— convex on [a, b] and using the following inequality 

(u + v) q < 2 q -\u q +v q ), u,v > 0, q> 1, 



12 



MEHMET ZEKI SARIKAYA AND KUBILAY OZCELIK 



we get 



Mb) 



¥>(&) 
tp(a) 



( i 



ip(b) + <p(a) 



( i 



(1 - tf dt 



o 

i I i 

( 



J t p dt J [\.f (Ma) + (1 - t) + (ct(l - t)(p(6) - V (a)f) q 



dt 



I/' (tp(a) + (1 - t) v{b))\ q + (ct(l - i)fo>(&) - v(a) f) q 



< 



(<p(b) - <p(a)) / 1 V 



2 

f / i 



x < 



[MtJI/'KaJjr + Mi-*)!/'^))!* 



eft 



-ct(l - t)(y>(6) - ^(a)) 2 + (ci(l - t)fo>(&) - ^(a)) 2 ) 9 

+ / [MtJI/'Mawr + Mi-*)!/'^))!' 

- ct(l - t)(tp(b) - ifi(a)) 2 + (ci(l - t)(if{b) - <p(a)f) q dt 
{<p{b) - <p{a)) ( 1 \' 



x < 



/ 



p+l 



(h{t)\f'^(a))\ q + h(l-t)\f'{ V {b))\ q )dt 



IV 



(p(6) - ^(a)) 2 + c(tp(b) - ^(a)) 2 ^i (q + l,q + l))' 
l 

| (Mt)ima))|« + Ml-*)l/'(v(6))r)d* 



c 

12 



- j2 - ^(«)) 2 + c(¥>(6) - v(o)? q B h (q+l,q+l) 
Thus, with simple calculations we obtain 

5 1 



y = y (i - t) p * 



2P+ 1 (p+l)' 



dt 
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2 1 
J t(l~t)dt= j t(l-t)dt=-^, 



t q {l-t) q dt = I t q (l -t) q dt = Bi(q+ l,q + 1). 



Therefore, using the above obtained results, we have 



(tp(b) - <p{a)) 



f (x) dx - f 



<p(a) + ip(b) 



< 



(<p(b) - <p(a)) ( 1 V 
p+1 



(h(t) \f(<p(a))\ q + h(l - t) \f'(rtb))\ q ) dt + G 



(h(t)\f(cp(a))\ q + h(l-t)\f(cp(b))\ q ) dt + G 
o 

n 



which completes the proof. 



□ 



The following inequalities are associated the left side of Hermite-Hadamard type 
inequalities for strongly (^-convex, strongly ^-convex strongly tp — P-convex with 
respect to c > 0, respectively. 

Corollary 10. Under the assumptions of Theorem\5\ with h(t) = t, t € (0, 1) , we 

have 



<p(b) 



(<p(b) - <p(a)) 



f (x) dx- f 



(f(a)+<p(b) 



2? VP + 1, 

|/'(y(a))| g + 3|/'(y(6))|* 
8 



( « | / 3|/'(y>( a ))|« + |/'(y>(6))|* | ^ 
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Corollary 11. Under the assumptions of Theorem^ with h(t) =t s (sG (0, 1)), t € 
(0, 1) , we have 



1 



Mb) - <p{a)) 



f (x) dx- f 



ip(a)+ip(b) 



(2.17% 



(tp{b) - tp(a)) ( 1 \* 



27 V/' • 1 

1 



2 S +! (s + 1) 
1 A I 



l/'(v(a))r 



+ 



i i/'W))r+G 



Corollary 12. Under the assumptions of Theorem^ with h(t) = 1, t € (0, 1) , we 



1 



/ (x) dx - f 



<p(a) + ip(b) 



Via) 



(2.18) 



< 



(*>(&) -*>(o)) / 1 V fl/'MWI' + l/'MO)! 



i-i 



p+ 1 



G 



Remark 4. In the case c — > 0, inequalities (2. 1 6]) {2.17\) and (2.18\) reduce the 
right sides of Hermite-Hadamard type inequality for (p-convex, Lp s -convex and ip — P- 
convex functions, respectively. 
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